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Abstract. In this paper we prove the main conjectures of Berkovich and Jagy about 
weighted averages of representation numbers over an 5-genus of ternary lattices (defined 
below) for any odd squarefree S € N. We do this by reformulating them in terms of 
local quantities using the Siegel-Weil and Conway-Sloane formulas, and then proving the 
necessary local identities. We conclude by conjecturing generalized formulas valid over 
certain totally real number fields as a direction for future work. 

1. Introduction 

In [BJ101 §6] Berkovich and Jagy propose that the following identity (and also a twisted 
generalization of it) holds for all odd squarefree natural numbers S: 

r x 2 +y 2 +z 2(m) = 48 — — — — for all m £ N with m = 1 or 2 (mod 4), 
r^^o Aut(C^) 

where the S'-genus is defined the set of classes of ternary quadratic forms Q locally equiva- 
lent to some quadratic form B(x, y)+2Sz 2 where B(x, y) is a positive definite integer-valued 
binary quadratic form of discriminant —85. This formula is interesting because it gives a 
precise relationship between an average across certain naturally defined genera of ternary 
quadratic forms and (the genus of) x 2 + y 2 + z 2 . It is not obvious that such an identity 
should exist, and that it does depends on some intricate relationships among local densities 
of genera within an S -genus. 

In this paper, we prove the formulas [BJ10[ eq (6.3), (6.8) and (6.9)] by applying Siegel's 
product and mass formulas to each genus appearing in the S'-genus defined above. We 
then state a natural generalization of these formulas for totally real number fields F of 
class number one where p = 2 is inert. 

This paper is an outgrowth of several discussions between Spring 2008 and Fall 2009 
about the 5-genus identities and their relation to the Siegel-Weil formula at the Quadratic 
Forms and Higher Degree Forms Conferences hosted by Prof. Alladi at the University of 
Florida (Spring 2008, Spring 2009) and the AMS Southeast Sectional Meeting at Florida 
Altantic University in Boca Raton, FL (Fall 2009). This work is also partially supported 
by the NSA/NSF Grants and H98230-09-1-0051 and DMS-0603976 of the first and second 
authors respectively. 
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2. Notation 

Throughout this paper we take S to be an odd squarefree natural number, written 
S = Pi • • • p r as a product of r distinct primes pi G N, and define the 5-genus as in the 
Introduction. We let p G N be a prime number, and define the p-adic numbers and p-adic 
integers by Q p and Z p respectively. We let v denote a place of Q, which is either given as 
a prime number p (representing the usual p-adic absolute value \x\ p := p~ OTd p( x )) or as the 
archimedean place oo (representing the real absolute value \x\). At the place v = oo we 

adopt the convention that Qoo := Z^ = R. For an odd prime p G N, we let denote 

the usual Legendre symbol. 

We define a quadratic form in n variables over a ring R to be a degree 2 ho- 
mogeneous polynomial in (exactly) n variables with coefficients in R. We say that two 
quadratic forms Qi and Q2 are equivalent over a ring R, and write Qi ~r Q2, if there in 
an invertible change of variables x 1— > Ax so that Qi(x) = Q2(Ax) as polynomials. 

We define the classes of a quadratic form Q to be the equivalence classes of Q for the 
relation and the genus of Q denoted by Gen(Q) as the equivalence classes under the 
simultaneous relations ~z„ for all places v of Q. We say that a quadratic form Q over R is 
positive (resp. negative) definite if Q(x) > (resp. < 0) for all x 7^ in R™. We say 
that quadratic form over R is unimodular in R if its Gram determinant is a unit in R. 

We define the local representation densities f3Q,v(m) where v is place of Q and Q is 
a Z„-valued quadratic form (over Z w ) as in |Han04[ eq (5.1) and (5.2), p368]. For notational 
convenience, we occasionally abbreviate the sum of three squares form as D 3 := x 2 +y 2 + z 2 . 

3. Local facts about genera in the 5-genus 

We begin by establishing several facts about the genera G of quadratic forms contained 
in a given S"-genus. 

Lemma 3.1. The genera G in an S -genus are everywhere locally 7L V - equivalent to a diag- 
onal form at all primes p. More explicitly, for p 7^ 2 we have 

\ x 2 + y 2 + z 2 when p\ S, 

p [ ax 2 + apy 2 + pz 2 when p \ S, for some a G Z^ / (Z^ ) 2 , 

and when p \ S the squareclass a is uniquely determined. 

Proof. Since binary forms over Z2 are completely classified [Cas78[ Lemma 4.1, ppll7-118] 
and the only primitive non-diagonal forms appearing are xy and x 2 + xy + y 2 both of which 
have odd discriminant, it is not possible for a binary form of even discriminant — 8.S to be 
inequivalent to a diagonal form over Z2. At all primes p 7^ 2 the local Jordan splitting 
theorem |Cas78l Theorem 3.1, ppll5-116] guarantees that any (binary) quadratic form can 
be diagonalized over Z p , so the condition Q G S- genus above implies that for every prime 
p we have 

Q ax 2 + 2Say 2 + 2Sz 2 

for some a G Z^/(Z^) 2 . 
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For p \ 2S, Q is unimodular and the fact that that unimodular diagonal lattices are 
determined by their determinant squareclass gives that 

Q ~z p ax 2 + 2Say 2 + 2Sz 2 

~z p x 2 + y 2 + \S 2 a 2 z 2 



2,2,2 

x +y + z . 



For p | S, we can simplify the p-modular component slightly, giving 

Q ~z p ax 2 + 2Say 2 + 2Sz 2 
J % v ax 2 + apy 2 +p(2S/p) 2 z 2 



ax 2 + apy 2 + pz 2 . 

The uniqueness of the squareclass of a follows from the uniqueness of the one-dimensional 
unimodular Jordan component (when e(l) = in the last line of [Cas78, Theorem 3.1, 
ppll5-116]). □ 

We now explicitly describe the genera appearing in a given S-genus with an r-tuple of 
signs e p € ±1. 

Definition 3.2. Given a genus G in an S-genus, using Lemma \3.1\ we define the numbers 
e p := £ P {G) := ( j for all odd primes p \ S. 

These are well-defined by the uniqueness of a in the last line of Lemma \3.1\ 

Lemma 3.3. The genera G in a fixed S-genus are in 1-to-l correspondence with the genera 
of positive definite binary quadratic forms of discriminant — 8S. In particular, there are 
exactly 2 r such binary genera and they are uniquely labelled by the tuples (s p ) p \s S {±l} r . 

Proof. It is clear from the definition of the S'-genus that the map B(x, y) i— > B(x, y) + 2Sz 2 
from binary genera of discriminant — 8S surjects onto genera in the S'-genus. 

To see this map is injective, we first enumerate the local genera of positive definite 
primitive binary quadratic forms of discriminant — 8S. By [Cas78t §14.3, Lemmas 3.1, 3.2, 
3.3 parts (i-ii), (ii) and (ii'j)] we see that there are exactly two such local genera at each 
of the places v £ {2,p\, . . . ,p n } and one local genus at all other places. By |Cas781 §14.5, 
p343, Cor] we see that the global genera of this kind are in bijection with the choice of such 
a local genus G v at each place subject to the Hasse invariant constraint Ylv^i^v) = 1- 
However if p \ 2S then the Hasse invariant for a local diagonal form Q = ux 2 + pvy 2 with 
u,v G (Z p ) x and upv = 2S is c p (Q) = (u,pv) p = (u,pv) p (u, —u) p = (n, — 2S) P . So c p takes 
both ±1 values, because when p = 2 we know — 2S ^ 1 (mod 4), and when p/2we know 
— 2S Z x . Thus the Hasse condition defines an index two subgroup of size 2 r , for which 
the local genus G2 is uniquely specified by the choices of the genera at all primes pi \ S. 



Finally, given an S-genus Gen(Q(x,y) + 2Sz ) we can recover the values £ Pi (Q) 



p, 



of the underlying genus of binary forms Gen(Q) because they both represent the same 
values a (mod S), showing the desired injectivity. □ 
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Remark 3.4. Our numbers e p are just another way of expressing the r classical genus 
characters Xi( m ) := (jp^j = ("iT") e w where m is an number represented by a form in the 
genus that is relatively prime to 2S. (See for example [Coh80, p222-224] or BueHlJl §4.1] J 

4. Computing the local representation densities 

In this section we compute the local representation densities f3 x 2 +y 2 +z 2^ p (m) and (3a !P (m) 
for a genus G contained in an S-genus. 

Lemma 4.1. Suppose that p is an odd prime. Then 

i 1 ~ f) (1 + | + • • • + ^=r) + £ 1 + V I J if ord p (m) = 2k, 



/3a-2 + j / 2 +2 2 ) p(m) 



(1 + 5 + ••• + £) z/ord p (m) =2k + l, 

for some k G Z > 0. 

Proof. From [Han041 eq (5.2), Remark 3.4.1(b), and Table 1] we see for p ^ 2 that 

p ' -1 if p | m. 



oGoodUBad ( \ _ oGood , s _ j 4"^ if P \ 771, 

P x 2 +y 2 +z 2^[m) - p x 2 +y 2 +z 2 tP {m) - < P 



The lemma follows from this and the formula 

PqW = ^ oodvjBad {m) + /?| ero (m) 
ll! =^°° duBad (m)+ 1 -f3 Q (m/p 2 ) 

from [Han04, Remark 3.4.1(d) about ttz, p362] for ternary forms. This result is also 
mentioned in [Sie63, §28.4 with m = 3, p228]. □ 

Lemma 4.2. Suppose that G is a genus in an S-genus and that p \ S is an odd prime. 
Then 

\ - l) (1 + s p )(l + i + • • • + ^r) + £ (l + e p if ord p (m) = 2k, 



l- I) (l + ep )(l + i + ...+ 1 ) + if ordp(m ) = 2k + l, 



for some k G % > 0. 

Proof. For odd primes p | S* we can compute the representation densities f3Q tP (m) explicitly 
via the formulas [Han04, §3] , giving 

/3aiE 2 +apj/ 2 + P 2 2 ,p( m ) = ^ax°+apy 2 +pz 2 ,p( Tn ) + Pax 2 +apy 2 +pz 2 ,p( m ) 

because the highest power of p dividing a coefficient is 1. From |Han04t Table 1, p363] we 
compute 

oGood ( s _ oGood, s _ l 1 + Mir) tip\ m , 

Pax 2 +apy 2 +pz 2 ,p\ m ) ~ Pax 2 ,p\ m ) ~ \ „ K 7 . 

10 it p I m, 
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and also [Han04, p360, middle, Bad-type I reduction map] gives 



aBadl / 
'ax 2 4-avv 2 +vz 2 .r> v 



if p \ m, 



apx z -\-oey l +z ,p v ^ 1 ' 

where 

'1-^ ifpfm, 



Good ^ _ a Good /„^ _ J , P 



These combine to give 

oGood U Bad / \ 



1 - y if ordp(m) = 1, 



1 " \ ) (1 + £ p) if ord p (m) > 2. 
and the lemma follows by combining these with equation ([I]). □ 
Lemma 4.3. When p = 2, we have the following local representation densities: 



(2) /3 x 2 +y 2 +z 2 )2 (m) 
and 

(3) PgA 771 ) = Pux 2 +2uy 2 +2z 2 ,2( m ) = 



f § ifm = 1,2 (mod 4), 
1 if m = 3 (mod 8), 
ifm = 7 (mod 8), 



1 if m = 1,2 (mod 4), 

or 2 if m = 3 (mod 4) f depending on u ). 



Proof. At p = 2 we compute the two relevant local densities for m with ord2(m) < 1 by 
counting all representation numbers modulo 16. (This is sufficient by [Han041 Lemma 3.2 
and the Bad- type I reduction map on p360 middle]). □ 

Lemma 4.4. The local representation density at v = oo has the form 

PqM 771 ) = C n det(Q)' 2 m~ 
where C n is some constant depending only on n := dim(Q). 

Proof. This is proved in [Sie63, (6.40) with m = 3 and n = 1, p42] and stated more recently 
in |Han04l eq (5.5), p369]. □ 

5. Computing masses of genera in an S'-genus 



In this section we prove the mass conjecture for S-genera formulated in |BJ10l eq (6.3)] 
by using an explicit general mass formula of Conway and Sloanc [CS88 . 
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Lemma 5.1. Suppose that G is a genus in an S -genus. Then 

Mass(G) := V - = — • TT ^±*E. 

£ |Aut(Q)| 16 11 2 

Proof. From the the mass formula [CS881 eq (2)] of Conway and Sloane, the mass of a 
(ternary) genus G in the given 5-genus is 

n 

Mass(G) = 2TT^ ±R YlT{j/2) [J(2m p (G)) 

i=i p 



2 7r -3. v ^.i.^JJ( 2mp ((?)) 



2 

p 



^n^p^)) 



7T 

P 



where the local masses m p (G) are defined in [CS88] eq (3)] by 

m p (G) :=UM q (G) • JJ («//<?) • 2" W) " 

9 <?<g' 

From ([CS88, Table 1]) we see that there is a unique "species" when the unimodular 
blocks are odd, so for p \2S we have 2m p = 2M\ = (1 — 4r) -1 ' For p ^ 2 with p | 25 we 
have 



—a 



2m p = 2-M 1 -M p -p^ =2-i-i ( 1 " J "P= 7 ^ 



Finally when p = 2 we have four standard mass factors Mi/2,Mx,M2, and M4 of types 
Ho, Ii, I2, and Ho respectively. Since all of these forms have an odd form adjacent to it, 
they are "bound" (in the notation of [CS88 ) and so they have "species" 1 and contribute 
a factor of ^ each. Therefore we have 

2m 2 (G) = 2 Y[M g {G) ■ f[ (J/q) 5 • 2< I ^-< 11 ^ 

1 q<g' 

=2 ( n = \. 

^£{1,1,2,4} ) 
Putting these all together gives 

Mass(G) = \\\{2m p {G)) 

7T 

P 
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^(2ro 2 (G))- H (2m p (G))-ll(2m p (G)) 

2^p\2S p\2S 
2^p\2S * ~ -J) p\2S P 1 



ro™»(G» ■ n 7 y\ " ■ n r 



-i(2 ra2 ( G) ). n ^n^r- 

2^p\2S p^2 P 1 

(2m 2 (G))- H 

2^p\2S 

\{2m 2 {G)). J] 

2+p\2S 



t* n 



p + e 



p 



16 2 

2^p|25 



□ 



6. The main theorem 



In this section we prove the following theorem and corollary (by taking W = 1), which 
were formulated and conjectured in [BJ10, eq (6.9) and eq (6.8)]: 

Theorem 6.1. Suppose that S £ N is an odd squarefree number and W 6 N divides S. 
Then 

(4) P ew{Q) \E^Q)\- W 48 

QeS -genus 1 

for all m G N with W \ m and m = 1,2 (mod 4), where ew{Q) is defined by the formula 

ew(Q) ■= l\e p (Gen(Q)). 

P \w 

(Here ifW 2 \ m then both sides of are zero.) 

Corollary 6.2. Suppose that S G N is an odd squarefree number. Then 

E rQjm) r x 2 +y 2 +z 2(m) 
|Aut(Q)| ~ 48 

/or aZZ m E N with m = 1,2 (mod 4). 
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Proof. In what follows we occasionally write D 3 := x 2 + y 2 + z 2 for brevity. We begin 
by expressing the LHS locally, and trying to relate it locally to the RHS. Since the class 
number of x 2 + y 2 + z 2 is one, we can recover the RHS globally from its local expressions. 
By the Siegel-Weil formula for definite ternary quadratic forms [Ral87, §5] we have that 

( 5 ) E ewiQ) \A^{Q)\ = ^ ^ G ^\A^m\ 

QeS-genus 1 (genera) Q'eG 1 V ^ 71 

GeS-genus 

(6) = Yl (II^ ) Mass(G0n^«( 

GeS-genus \p|W / « 



m) 



(7) = J] Mass(G)J] £p J] )8G,«(m)IJfe(m) 

GeS-genus \ p|VK ti|2Soo pf2S 

Since at all primes p f 25 we have G x 2 + y 2 + z 2 , we can separate out a product 
which looks very much like the product of local densities for x 2 + y 2 + z 2 , giving 

= ^ Mass(G) J] e p J fo„(m) I II /W™) 

GeS-genus \p|VK / \d|2Soo / p|2S 

II^pM] E Mass(G) I II 

v pf2S / GeS-genus \p\W J v\2Soo 

det(Q)- 1 / 2 /3n3, 00 (m) /3 n3)P (m) J £ Mass(G) J] e p J [] /3 G)P (m) 

p\2S J GeS-genus \p| W / p\2S 

£gPcfl,ao(m) II / ? n 3 , P ( m ) E Mass (G) II e p \ ]J f3 G<p (m) 

p\2S J GeS-genus \p\W ) p\2S 

^/3 D 3 i0O (m/^ 2 ) J] (3 n3jP (m/W 2 ) J ]T Mass(G) I J II (m) 

p\2S J GGS-genus \p|TV / p|2S 



£ Mass(G) [] e p J] /3 G , p (m) 

GeS-genus \p\W J p\2S 



m/W 2 ) 

1 { \ ^ 

^ Mass(G) / -pr £ p gg J p(m) \ -r-r /fc, P (m) 

^ 25 1 11 /3 n3 „(m/p 2 ) I 11 faJm) 

, GeS-genus \p|iy ^ U ' pV ' F 'J p\2S rU ,pV ' , 
\ p\W J 
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(Here we note that technically the division by Pn s ,pi m /p 2 ) i* 1 the next to last equality 
may be undefined if P^Jm/p 2 ) = 0, however in this case Lemma 16.31 ensures that both 
sides of dU are zero.) 

Because Mass(x 2 + y 2 + z 2 ) = and x 2 + y 2 + z 2 has class number one, from Siegel's 
product formulas we see that the desired equality 
(8) 

£ ^rrrrm = w ■ Mass ^ 2 + y 2 + * 2 ) II /W+,vM = ty r ^ w 

QSS-genus l AUt WJI „ 4» 

is equivalent to showing that the expression 



(9) E : = 48 Yl 



Mass(G) 



n 



n 



2S \ 11 /3 r 2 i „2 i ,2 Jm/p 2 ) j -f-- 1 - /3 r 2 i ,,2 i z 2 „(m) 

GeS-genus \p|W +y + ' p j p\2S +y + ' pK ' 

p\W 



is equal to one. By substituting our mass formula in Lemma 15.11 and using the fact that 

2S is square-free, we can rewrite E more locally as 

(10) 



E = 3 £ 



GgS-genus 



2 • P x 2 +y 2 +z 2 t2 (m) 



n 



£p PG,p( m ) (P + £ p) 
2p • /3 x 2 +?/ 2 +z 2 )P (m/p 2 ) 



n 

p\S 
lp\W 



ffg.pM (P + £ p) 
2P ■ P x 2 +y 2 +z 2 ,p{ m ) 



From Lemma 14.31 we can evaluate the local densities at p = 2, giving 



(ii) E=t 

GeS-gcnus r 1 ° . 



n £p/3G,p{ m ) (p + £ p) 



p\W 



2p • f3 x 2 +y 2 +z 2 jP (m/p 2 ) 



n 

p\S 
.p\W 



PgA 171 ) (p + £ p) 

2p • fi x 2 +y 2 +z 2 )P (m) 



Because the genera G are indexed by the r-tuple of values (£ p ) p \s £ {±l} r and the since 
the factors in the product are all independent, we have that 



(12) E= £ 

GgS-genus 



n 



p w 



£ p^G,p{ m ) (P + £ p) 
2p • Pxt+yt+z^pim/p 2 



PG, P (m) (p + £ P ) 



.pfW 



(13) 



(ep)„| S e{±l}'- 



n 

p|W 



£ p^G,p( m ) (P + £ £ 



2 P • P x 



2 +y 2 +z 2 ,p 



{m/p 2 ) 



n 

.plw 



PG,p( m ) (P + £ p) 
2p • ^2+^2^2^(771) 
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(14) 



nV^ gpftfipM {p + e p ) 
2—* 2p ■ j3 a " " I™!™ 2 } 



p\Ws p £{±l} 



x 2 +y 2 +z 2 ,p 



[m/p 2 



TT fe,p("i) (P + gp) 

p|5 e P e{±i} ^ P:c +?/ +2: >pV ; 



By Lemma 16.31 we see that all summands for odd primes are identically one, giving 
(formally that) E = W p \s 1 = 1> which completes the proof. 

□ 

We now evaluate the individual summands appearing in the last step of the proof of 
Theorem 16.11 for (odd) primes p \ S using our previously computed local density formulas. 

Lemma 6.3. Suppose G is a genus in an S-genus, and p \ S is an (odd) prime. Then 

V fa( m )(P + gp) - 3 2 2 2 (m) 

/ j 9ri — Px 2 +y 2 +z 2 ,p\" l )i 



and 



2p 

e P e{±l} 

e v PgA 771 ) (p + Bp) 



E 

£ P G{±1} 



2p 



Px 2 +y 2 +z 2 ,p(. m /P 2 )- 



Proof. In the following proof we verify several algebraic identities of polynomials in p, 
which justifies our neglecting the issue of division by zero. 
Case 1: ord p (m) = 2k is even: 



E 

e p e{±l} 



2p ■ (3 x 2 +y 2 +z 2 >p (m) 



2~2e p e{±i} 


[0- 


i)(l+ Ep )(l + I + ... + ^) + £(l + Ep (= ? 


)): 


(i+t) 


2 ■ 


(l- i *r)(l + i + "- + ? tl) + ^('l + ^~) 





When e p = — 1 the first term of the numerator vanishes, giving 



2 • 



2 • 



f) + l + 



+ „*-i ) + „i i + o 
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2 • 



i. 



Case 2: ord p (m) = 2k + 1 is odd: 

pG,p( m ) (P + 



E 

£ P G{±1} 



2p • /3 :r 2 +?/ 2 +z 2 iP (m) 



Se p G{±l} 






2 • 







When e p = — 1 the first term of the numerator vanishes, giving 
ji 1 -^) (! + J + + ^r) + ^E £pe{± i } (l- 



p 



Case 3: ord p (m) = 2/c is even with k > 1: 



E 



£p e{±i} 



2p • /3 ;r 2 +y 2 +z 2 iP (m/p 2 ) 



When e p = — 1 the first term of the numerator vanishes, giving 

_ 2 ( 1_ f) (! + i + - + i^r) + ^E. pe{± i } ^ (l + |) (l + %(- 



2 • 



S £p G{±l} £ P 


(l-l) (l + £p )(l + I + ... + ? L T ) + ^(l + ep 




) 




2 • 


(l-^r) (l + | + --- + ^) + p ^ L T 


J 1+ ( T )J 
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2(1-^) (1 + £ + - + =£t) + £E 



£p e{±i} & p 



p \ p 



+ e 



p P 



2 • 



— m 



i-^)(i + I + --- + ^) + ^t l + H- 



i-F) ( 1 + ^ + --- + ^) + ^ l t( 1 



Case 4: ord p (m) = 2k + I is odd with > 1: 



E 



£p e{±i}-" <^+^+^-P 



(m/p 2 



S £p e{±i} £ p 




(l+s p )(l + l + --- + ? tr) + ^(l-f) 






2 • 









When e p = —1 the first term of the numerator vanishes, giving 



£p e{±i} £ p ' 1 



1 + ^ 

p 



l-£)( 1 + £ + "- + i£r) 



2 • 



2(i-£) (i + J + --- + ^) + ^E 



2 • 



i. 



□ 



7. Closing Remarks 

Since the proof of Theorem 16.11 almost exclusively involves local computations, it is 
reasonable to ask how it can be generalized. We propose the following easily stated 

Conjecture 7.1. Suppose that F is a totally real number field of class number one in 
which 2 is inert, Ap is the ring of integers of F, 2S(A F ) 2 is the squarefree determinant 
squareclass of a totally positive definite Ap -valued binary quadratic form, and W G Ap 
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divides S. Then 



Q&S-genus 



|Aut(Q)| 



r Q (m) 



K F W 



[F:Q] r x 2 +y 2 +z 2(m/W 2 ) 
|Aut(x 2 + y 2 + z 2 )\ 



for all totally positive m £ Ap with W \ m and m £ (A F ) 2 U 2(A F ) 2 (mod ^Ap), where 
e w(Q) is defined using quadratic norm residue symbols by the formula 



ew{Q) :=l[s v (Gen(Q)), 



and (tf £ Q > is a constant depending only on F. 

Sketch of proof. We proceed exactly as in the proof of Theorem 16. 1\ with the following 
modifications: 

(1) The description of the binary genera of discriminant —85 since as before we fixed the 
archimedean type of all forms in the 5-genus, and there is still only one remaining 
place at p = 2, whose local type is determined by the product formula. 

(2) Non-archimedean local density and local mass factors formulas at unramified places 
p | p of F are the same if we replace factors of p by q := |Ap/p^4p|. 

(3) Calculations with the mass formula will only differ in the Gamma function factors 
appearing, which contribute to the constant kf- 

(4) Lemma 16.31 remains unchanged if we replace odd primes p by places p \ 2. 

(5) Siegel's product formula and an explicit mass formula still holds over totally real 
number fields. 

To determine the exact constant kf we need use an explicit mass formula valid for totally 
definite ternary quadratic forms of level 4:SAp over totally real number fields F. □ 

Remark 7.2. While almost surely a version of the S-genus identities hold over an arbitrary 
totally real number field, the formulation becomes a little more involved. In addition to there 
being a lot of additional work to control the contributions from the local factors at p | 2, 
the presence of non-trivial class number makes the language of quadratic lattices (which 
may not be free as Ap-modules) the more natural framework in which to state the relevant 
identities. 
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